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In the isobar model the fact that the final-state isobar channels overlap calls for an
investigation in which unitarity provides constraints on the construction. The discontinuities
in all the physical two-body subenergies are treated, allowing for two-body intermediate
states. The process KN — K=N is used for illustration throughout. The discontinuity
formulas are applied to the isobar expansion of the amplitude; rather explicit attention
is given to the details of spin in order to show how the recoupling problems can be un-
raveled. The resulting subenergy discontinuities take the form of integrations across the
Dalitz plot. An example is given in conclusion in which s-waves dominate in the final
state, so that a modest number of coupled isobar amplitudes enter in the constraint re-
lations.

1. INTRODUCTION

Hadron reactions leading to three-body final states have continued to present
considerable analytical complexity. Their analyses have great practical significance
because they offer a means of obtaining two-body information about systems to which
we have almost no other access. Phenomenologies relating to the == interaction in
7N — nN and the K= interaction in KN — K« N are prime examples. Our interest
in such production processes therefore calls for their construction in terms of two-
body interactions. The isobar model has long been adopted as the procedure for doing
this.

In the isobar model, separate channels are associated with the three possible ways
of organizing the three-body final state as a two-body isobar plus a third particle.
The model then expresses the two-body to three-body production amplitude as the
sum of the amplitudes to the separate channels. Each term contributing to the pro-
duction process takes the form of an amplitude leading to three particles, two of which
are in a state with definite quantum numbers (an isobar state). This construction in
terms of isobar amplitudes is indicated in Fig. 1. It is clear that overlapping of states
occurs in this scheme and it would appear that opportunities for multiple-counting
effects arise. To suppress these effects the constraints due to unitarity must be invoked.
The implications of these constraints have been investigated by Aaron and Amado [1]
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Fic. 1. The productlon amplitude as a sum of isobar amplitudes,

and by Aitchison [2]. Their studies pertain to the use of unitarity in the pair-subenergy
variables of the production amplitude; the treatments in Refs. [1, 2] are of systems of
particles without spin.

Our phenomenological motives, cited in the first paragraph, concern processes
with a nucleon target. This work thus has to deal with all the details due to spin and
isospin. For definiteness we choose to develop the formalism for KN — K= N, an
example for which the notation can be made reasonably transparent.

The momenta and helicities are as shown in Fig. 1, in which

K(g) + N(P,) — K(k) + =(p) + N(Q,). (1)
The invariant mass variables, which are physical for the production process, are

the final 7N mass? Wt = —(Q + p)3,
the final KNV mass? we? = —(Q + k),
the final K7 mass? x = —(k + p)?%, )
and the total mass®  W?= —(P + q)

i

These variables are related by
wit + Wt -k x = W2 M2 4-m? + 3)

where M, m, and u are the masses of the ¥, X, and 7.
It is useful to express the amplitude for reaction (1) in the three equivalent forms

N(QpPq)XQp out | ji | Pgin), )
N(QkPq){Qk out | j. | Pgin), ©)
and N(kpPq) iio{kp out | f| Pq in. (6)

The factor M(Qp ...) contains the normalization of states; e.g., N(Q) = (Q,/ M),

N(p) = (2py)'/%, etc. The discontinuity in the variable w, may then be expressed
in terms of (4) as

N(QpPq)((Qp out | jx |[Pgin) — <Qpin | jg |Pgin)), (7

in which the first and second terms are related by analytic continuation from
(W +i0, wy +i0) to (W +-i0, w; — i0). By means of standard methods, expression

(7) becomes

iQmt Y 8(Q" + p" — Q — p) N(QPq)<Q | j, | Q"p" out)(Q"p" out | jx | Pgin>. (8)
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456 J. J. BREHM

The summation is over all the degrees of freedom of the intermediate # N -state.
The first matrix element in (8), when multiplied by the normalization factor N(QQ"p"),
is the elastic #N — =N amplitude, continued to w, — i0. If we proceed in a similar
fashion, the discontinutity in w, may be found from (5) to be

i2mt 3 8(Q" + k" — Q — k) N(QPq)<Q | jx | Q"k" out){Q"k" out | j, | Pgin), (9)

in which there appears the KN — KN amplitude, continued to w,] — i0. Likewise,
the discontinuity in x may be derived from (6):

i2m)* Y 8(k" + p" — k — p) N(kPq) i o<k | j, | k"p” outy<k"p" out | f| Pgin), (10)

wherein there occurs the K= — Kar amplitude, continued to x — i0. These discon-
tinuity relations are shown pictorially in Fig. 2. Also shown in Fig. 2 is the result for
the discontinuity in W:

im) 3" 8(P" + q" — P — q) N(QpP)<Qp out | jx | P"q" in){P"q" in | jx | P}, (11)

in which the XN — KN amplitude appears, continued to W —i0.

Of course it should be emphasized that only the two-particle contributions have
been given in the foregoing unitarity relations. Expressions (8), (9) and (10) are com-
plete only if the subenergies are less than their respective inelastic thresholds. The
discontinutity in W, result (11), is notably incomplete without the contribution from
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Fic. 2. Discontinuities of the production amplitude: (a) in the =N subenergy w, , (b) in the KN
subenergy w, , (¢) in the K= subenergy? x, and (d) in the total energy W.
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the K= N intermediate state. In this work we restrict our attention to the effects of
two-body unitarity in all the physical subenergy channels, and show how these
effects constrain the isobar model. It is evident that the subenergy discontinuitites
of the isobar amplitudes are constraints which lead to integral equations by means
of dispersion relations. It will be helpful to visualize what follows in terms of Figs. 1
and 2; we take the isobar expansion of Fig. I, feed it into the results of Fig. 2, and
extract the consequences. This construction is illustrated in Figs. 3, 4, and 5. 1t should
be noted that the evaluation of a given subenergy discontinuity singles out only
that isobar configuration which has that subenergy for one of its variables. On the
right-hand side in each of these three figures there are three contributions, two of
which involve the participation of the “other” two isobars. Our chief objective is to
show how these recoupling contributions are unraveled.

FiGg. 5. The x-discontinuity in the isobar model.

2. IsospIN

The role of isospin in this investigation is conveniently handled in terms of pro-
jection operators. We let the 7 have a Cartesian isovector index #, and represent
the K and the N by isospinors. The elastic amplitudes may then be expanded in ampli-
tudes of definite isospin:

M(WlN—> W]N) == Z a;zl.Mtl,
tl

M(KN — KN) = Y t4M", (12)
t2

M(Kn; - Km)) = ¥ ¢ M".
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The three contributions to the production amplitude shown in Fig. 1 may be expanded
in amplitudes of definite total isospin T and isobar isospin:

M(KN — (wN) K) = ¥ afmM™,

Tt

M(KN — (KN) =) = Y B1"M™, a3
Tt,

M(KN — (Km) N) = Y 6]'M™.
Tt

We have listed the projection operators «, 4, ¢, (¥, &, and € in Appendix A.
The unitarity relation shown in Fig. 3 reads

. Tty p Tt
disc,, Y, ;"M™"

Tt

=2miy ()j aj;'M‘;') (Z ainM™ + Y BeM™:+ Y 67 ‘M”). (14)
£’

wyi Tt Tt, Ti

The symbol ¥, refers to the summation over all the intermediate-state phase space
in the wy-channel. Here, and throughout, the subscript (—) denotes analytic conti-
nuation to the bottom of the relevant cut, in this case to w, — i0. When we use
formulas (A7) we obtain the result

disc,, M™ = 27i Y M*" (M"‘ +Y G M+ Y C,TltM”). (15)
t, t

Wy

The C’s are constants, elements of the crossing matrices, recorded in Table I. The
relation shown in Fig. 4 reads

. Tt Tt
disc,, ), #;*M ™

Tt,

=2miy, (Z ﬂtz’Mtj') (}j a;M™ + Y BeMTE Y 6 ‘M”). (16)
W, Tty Tt

ty Tt

We obtain, with the help of Egs. (A8),

disc,,, M™ = 2ai Y M™ (Z Cr oM™ + M™ Y cgtM”). an

Wy ty t

In the same fashion, the relation shown in Fig. 5, which reads
disc, ¥ €M™
Tt

= 27i Z (Z cf;Mi)(Z OlirthTtl + Z giTthTig + 2 gg'tMTt)’ (18)
AT Tty Tt

Tt,
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TABLE 1

Crossing-Matrix Elements

(Cir) T=0 -1
1 3 1 3
2 2 2 2
3 1 0 3 3 Foue
3 0 0 5 g2 -3
(Cr) T=0 T
1 0 1
F 1 1 13 ~leu
3 0 0 3 3 612 —§ 3
T
(Ctltz) T=0 T =1
0 i 0 1
3 0 1 3 33 —3 642
§ 0 0 3 —y 6 —3 3

becomes, with the aid of Egs. (A9)

disc, M = 27 Y M (Z CiM™ -+ Y Ch M™ + M”). (19)
& Lty t,

All crossing-matrix elements appearing in (15), (17), and (19) have been listed in
Table I.

It is obvious that the evaluation of the W-discontinuity, expression (11) and Fig. 2d,
leads to the results

discy M™ = 27 Y MTM_T,
w
similarly for 1 — 2, and (20)
discy M"' = 2mi Yy MT'M_".
W

In Egs. (20) the factor M_7 stands for the KN — KN amplitude, with isospin 7 — 0
and 1, continued to W — i0.

3. IsoBAR EXPANSION

The amplitudes in the isobar expansion of Fig. 1 correspond to terms in an angular
momentum decomposition. Summation is implied over quantum numbers associated
with the total angular momentum, JM, and the isobar angular momenta. j,m, for
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7N, joam, for KN, and Im for K. There also occur assorted helicities, combinations
of which correspond to states of definite parity. We follow the development due to
Wick [3], and are particular about our definitions so as to minimize the number of
troublesome phases which can enter the construction.

To describe momenta and helicities P, + g — Q, -+ k + p in the overall center-
of-mass system (CM) we adopt the reference configurations shown in Fig. 6. For

Z Z
A 4
P 4 Q
X XA
. . kx \.p
q alXy,

Fic. 6. Reference configurations for CM momenta in the initial and final states. The Y axis
points toward the reader.

the initial state the nucleon momentum P is along the Z axis; for the final state the
momenta ), k, and $ lie in the XZ plane with the nucleon momentum Q along the
Z axis. Rotations and Lorentz transformations then generate the states for which we
desire angular momentum expansions. Even though some rotation angles can be
chosen to vanish we let them all be arbitrary; the bookkeeping is no more cumbersome
and in fact is more symmetrical this way.

If we identify the rotation r whose Euler angles are («0) such that P = rP then
the initial state in CM is expanded as

| gy = RI B> = 3, NaDin(r) | P(W) TMX). @n
M

Throughout, we use the notation N; = ((2J -+ 1)/4w)'/2
In the final state we define the three vectors in CM:

Qa:Q"}“p,
0, =0 t+k (22)
K, =k +p.

Three different angular momentum coupling schemes are possible and all three are
needed. Suitable rotations of Qkp take us to states for which we can use the basic
formula [3, Eq. (24)] and its inverse, or a variant of it.

The Y-rotation, 7o, o » applied to the reference configuration rotates £ to the negative
Z axis. In the rest frame of Q. (CM)), the nucleon momentum is @, with direction
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(91, ). If the subsequent rotation r, , whose Euler angles are (¢,8,4,), leads to the
final state in CM, then we can expand the final state as

| Qkp)> = RyRoy | .55

(23)
ST NN ) 4,08 DYy )| QW) M 0, fymy
IM

A nucleon spin rotation matrix enters; its angle w; is deduced from the Lorentz
transformation from CM; and is given later.

The Y-rotation, ro‘xlbo, followed by the Z-rotation, rq,,, applied to Qk$ rotates
p to the negative Z axis; the Z-rotation obviates the need for a phase factor in the
application of Wick’s basic formula because it causes 0 to be rotated to zero azimuthal
position preparatory to rotation into its final orientation. In the rest frame of Q,
(CM,), the nucleon momentum is @, with direction (%, , ). If the subsequent rotation
ry , with Euler angles (¢,0,,), leads to the final CM state, then

| Qkp> = RyRog.Rono | O, k5>
, (24)
= Y NN, dXw) d2 (5,) Dy, (ry) | Q(W) IM, Oy (w,) jynpu>.

IM
Fomgu

The nucleon spin rotation angle w, is determined by the Lorentz transformation from
CM,, and, like w, , is given later.

The third coupling scheme proceeds directly from the reference configuration.
If ry, with Euler angles (¢,0,15,), applied to O%3, leads to the final CM state then the
expansion of | Q,kp)> = R, |Q,kp> is desired. Wick’s formula must be modified
here because the isobar momentum, K, = £ + b, is oriented down, not up, along the
Z axis. The resulting expansion is transparent enough, however:

| Q,kp> = Ry| O,k
= Z NJNldimO(ﬂIi) DJM,v—m(rB) l Q(W) JM’ k3(x) lm’ V>'
JM

im

(25)

In the isobar rest frame in which K, has been transformed to rest (CM,), the X meson
has momentum k; with direction (95, ;).

In this bewildering array of definitions we note that in CM, Q, (the =N isobar)
has direction (0,, ¢,), @, (the KN isobar) has direction (,, ¢,), and K, (the K=
isobar) has direction (w — 05, ¢35 — 7). Figure 7 provides a summary of all the angles
we have defined. The various rotations applied to the reference configuration are
connected to each other by the important relation

— -1
F1Fox,0 = Tol'oonloxy0 = T3 - (26)



462 J. J. BREHM

(a) 8 ¢

<a
=

Qa~leMm a~lem,

& b
NSy CM,

50
N

()
° 6; 3 I3 3

Q~lem ke~LCM;

Fic. 7. Angles defined for the three different coupling schemes in the final state: (a) applies to
Eq. (23), (b) to Eq. (24), and (¢) to Eq. (25).

The isobar expansion follows from these angular momentum decompositions.
The amplitudes of definite isospin 7 and definite isobar isospin introduced in (13)
are expanded as

M™M= 3 NN, d/¥w,) d2 (0, Dy, (ry) <myp | M™ | 5T Dy(r),  (27)

]1 v

M = ,;, NN, dy ¥ (wy) dt (8)) Doy, (ry) <mppn | M7 X Dy (), (28)
Fomgu

M™ =Y NN dus®s) Ditomlrs) <vm | M7 2T Dip(r). (29
JM

im

The isobar amplitudes on the right-hand sides of these equations have definite J
and definite isobar spins. In addition these quantities depend on isobar and initial
nucleon helicities; the parent final nucleon helicity appears in (27) and (28), while the
outgoing nucleon helicity appears in (29). We defer the formation of amplitudes
having definite isobar parity and definite overall parity until later. The isospin indices
on which these amplitudes also depend are suppressed in the manipulations to follow.
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4. SUBENERGY DISCONTINUITIES

The w,-discontinuity is expressed in Eq. (15) and in Fig. 3. On the left-hand side
we use Eq. (27). On the right-hand side we use Eqgs. (27), (28), and (29) with inter-
mediate-state variables (9yr7), (95r3), and (Pyr;), respectively, corresponding to the
N variables Q,.p" over which we must sum. In addition we also need the =N elastic
amplitude, expressed in CM so that spin rotations of the intermediate and final
nucleon are required. When we assemble all these pieces we have

discy, Y, NN, %) d5 (3,) Dy, (1) Gmypu ! M7 1N DY ()

JM

Jlmlu
. Q" d*p" M PR
— 4 —_—= Ty 4 . _
= i(27) ZV” f Q) Q(’;PS 3 Q" +p Q—p

XY NpdyHe) DL (R) L MR TN D) dLE (w))

iytmy X
CINELE N D 0 ) ) M
JM Jymyu

Mm,

TN, dp) 2, (99) D, (r) (ma | ME (N

jzmgu

+ lz N o) Dy o () 0'm | ML A>f D;,(r). (30)

Since isospin indices have been suppressed, the subscript C in the last two terms
reminds us of the presence of the crossing matrices in Eq. (15). The Euler angles for
the initial and final states have already been defined. In addition there are D-functions
in (30) having the Euler angles (;%,0) for #, and (479;0) for #; , the respective direc-
tions of Q; and Q7 in CM, . We note that r; has Euler angles (¢,8,:}) because the
momentum vector k is in a fixed direction while we integrate over Q" and p”: it follows
that

* " gy —iy)
D;lml(rl) = D‘I{;ml(rl) e i . (31)

The integration is carried out in CM, .
The contribution from the first term in braces on the right-hand side (the =N
isobars) is

2mipy Y, NyN, d)w,) d () Dy, (r) ! M2 TN () M7 X5 D (),

Mm,
.JM
Jymyn
At

(32)

in which the =N phase space factor is

pr(wy) = MO (wy)/16m%w, . (33)
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The contributions from the KN isobars and the K isobars are more complicated.
To perform the integrations over them we note, from Eq. (26), that

Iy = IToGgxtol oo (34
and
, rs = rifoxo - (35)
From (34) it follows that
Dyinrd) = X Dag(r]) dy (60 4 x3) €77, (36)
and from (35) that
Digrnrd) = % DygerD) & o (X2 (37)

We can then use Eq. (31) and do the i; integration. The second and third terms in
braces on the right-hand side of (30) become

L

2mipy Y. NN, d¥w) d? (8) Dy, (r) <p| M| X
M 1 1

Iymyu
Alv”

X 2 f d cos 9N, &’ (57) d"2 ()

1Y%,

X Z szd:;fzul( ;’ d:./i,(w;) d;’nlmz(xz + X}I;) e-—iﬂm2<m2’u,, I Mgz ] A>

; .
domgu

+ Y N B dy X)) V' | MG A
Im

Dy (r). (38)
When we return to Eq. (30) with results (32) and (38) we see that
disc,, <y | M7 | Xy — 2mip, 3 <) M# XD Gm)' | M7 | X
o
vA

= 2mip, ¥, <p| M*|Xy_-2m Y [ dcos 9,N, i (9,) diyf(w;)

X313 N, izdﬁzu'(ﬂz) d,2(e,) dwfwlmz(xa + xp) €Ky | MG X

YN @) () m | M A>§, (39
im

in which double primes have been dropped. This result is a constraint on the amplitude
for the production of each #N isobar, as illustrated in Fig. 3. It is a complicated
constraint because of the involvement in it of all the KN and K= isobar amplitudes.
The bothersome phase factor multiplying the XN isobar amplitude is a consequence
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of the rotation ry, in Eq. (26) which arose from our convention about the Euler
angles in CM, ; it is the price we pay for keeping phases out of Eq. (28) and probably
represents the minimum intrusion of such factors. It is the only phase factor which
enters throughout and it always enters in the same way: wherever {muu | M7 | X}
appears, e ‘™. appears multiplying it. The =N elastic amplitude <u | M7 | A}, in
Egs. (30) on, depends only on w, and satisfies the unitarity relation

disc,, <p | M| Xy = 2amipy Y (| MPIN N | ML, (40)
£

The w,-discontinuity, Eq. (17) and Fig. (4), is developed in similar fashion to give
the constraint on the KN isobar amplitudes:
discy, <map | M72 | Xy — 2mipy Y (| M TN dmN | MR XD

I

= 2mip, ¥ {p | M| X5 - 2met™ y f d cos 192Nj_,d1’;f NN dle/?(wz)
A v 2 e

~ ; 2 ledfilu,(ﬁl) dvlﬁ(wl) d;:llmz(xlt + Xp) <y Mgl LA

; ’,
myu

e nm.(Xp) v | Mé’ [ X/\g @)

im 5

+ Z N zdl—mo(’ga) d

All the #N and Kw isobar amplitudes appear on the right-hand side. The KN elastic
amplitude {u | M’ | A> depends only on w, and satisfies

discy, <p | M7 X> = 2mipy ) (| MP | X)_ N | M% | A, (42)
=

where the KN phase space factor is
pa(Wp) = MQy(w,)/167%w, . (43)

The development of the x-discontinuity, Eq. (19) and Fig. (5), proceeds along the
same lines except for one subtlety which must be incorporated in the initial assembly
of the analog to Eq. (30). The integration is over the intermediate K= phase space
with vectors k" and p”; in CMjy, k3 has Euler angles (3;830). Because the final nucleon
(momentum @, helicity ») is fixed with Euler angles (¢,0,4;) we not only identify
rs to have angles ($;0,43); we also must include a phase factor e“;~¢3)_ Once this
has been allowed for, the procedure leads to the constraint on the Kur isobar ampli-
tudes:

disc, <vm | M| Xy — 2mip, M _* vm | M7V | X>
= 2mip,M ! 2m j d c0s 9N d" (D)

X

Y Nydr 0) dXw) dy, |, (x,) <myp | MO

Vi my.v—m
ymyu

+ Y N dz (9;)d, (w,) d] ) €7 myp | MG X, (44)

v—m,m
JgMmats
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in which all the #V and K¥ isobar amplitudes participate. The K7 elastic amplitude
M?* depends only on x and satisfies

disc, M! = 2zmip,M ‘M’ (45)
with K= phase space factor
Po(x) = ky(x)[32m(x)/? (46)

For reasons which are apparent later, each of results (39), (41) and (44) has been
written such that only recoupling terms appear on the right-hand side.
The W-discontinuities are elementary to construct from Egs. (20). We get

discw (myp | M| X) = 2mip 3 <myp | M7 XXX | M7,
<
similarly for 1 — 2, and 47

discyy vm | M7V Xy = 2mip ¥ Com | MPV] XN | MY | X
£

The last factor is the KN elastic amplitude, a function only of W. It satisfies Eq. (42)
with the replacement of J for j, and W for w, ; thus the phase space factor is the same
function of W as p, is of w, :

p(W) = MP(W)/162%W. (48)

Since an isobar denotes a state of definite quantum numbers, the isobar amplitudes
should be formed with definite isobar parity and the foregoing constraints should be
accordingly modified. The parity properties of helicity states are given in [4], and
parity conservation is invoked. We only need to take the appropriate combinations
of nucleon helicities +4 and —3 to do this (+ and — for short). The #N and KN
elastic amplitudes with definite parity, p = 1, are

M7 = (I M|+ + () M (49)

in which 9+ = +1. The K7 elastic amplitude M? of course already has definite parity
(—). The #N and KN definite parity isobar amplitudes are combinations of
{mp | M7 | X for p = +3% and —3% (again + and — for short):

m | M7 = ((mA-| M7 LX) 4 m(—) T m—| M| )2V (50)

The Km isobar amplitude {vm | M’'|}) already has definite isobar parity (—)"
A very useful construction can be introduced:

Y di ) dw) mp | MU = Y eln® <m | M, (51)

w—t1/2 p=1+
where

en®) = (3 () & (@) 4 nu(—)* d, () & (w))/21 (52)
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By means of Egs. (49) to (52) we obtain, for amplitudes of definite isobar parity:
disc, <m, | M|y — 2aip, MY (m, | M7 (X

= 2m’p1Mf" - 2 Z f d cos 191N e (@)

7’11

Z N eaz (19 mmz(xa 1 Xb) e—fmng<m2! M-ggn | /\>

%;zm

+ Z delmo(aa) drjnl vem(Xa) <vim | M | )\3§ (53)

disc, <my | M7 | X0 — 2mip,M™ (my | M7 | X

m;

= 2amip,M*" - 2me'™ z f d cos 3,N, e“ B,)

Z N, e} (ﬂ)dim X, x,) <y | MPT X

4 T Vil 09 i ) m | ME A>§, (54)

and
disc, vm | MV X — 2mip M _vm | M7V X

= 2mip,M_" - 2m f d cos yNyd o(35)

Y N Er@) d, x) <m | MIT X

jlﬂml m DM
+ Y N en @) dl, . () e Kmy L MET| D (55)
Jamm,

Of course we also have from Eqgs. (40) and (42)
disc, M*" = 2mip, MM, (56)

and similarly for 1 — 2.

Amplitudes with definite overall parity, P = 4, can also be formed in a straight-
forward way. The discontinuity formulas become lengthy and call for even more
notation. We have relegated these results to Appendix B

5. TsoBAR FACTORS

The authors of Refs. [1, 2] have noted the consequences of adopting a certain two-
factor form for each term in the isobar expansion. Each isobar amplitude is written
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as the product of the elastic amplitude for scattering in the isobar state times a residual
factor:
my | MP | = MYy | |, (57)

similarly for 1 — 2, and
om | MY X = M¥Xvm | A7V X).
We refer 1o the s here as isobar factors.

Expressions (57) are to be incorporated in Eqs. (53), (54), and (55). We then can

use the identity
disc(MA) = (disc M) A + M_(disc #) (58)

together with Eqgs. (45) and (56) to obtain a cancellation on the left-hand side of the
discontinuity formulas. The results are

disc,,, <my | A7 | T
— 2mip, 27 Y. f d cos 3N, &’ (8)

03 myy

|5 0,00 i+ 10 € M
Gy
tp

+ Y Nidb o) dy-mlxa) CrMom | M7 T, (59
im

i

disc,y,, <my | A AP

= 2mip, - 2me™ Y. [ d cos BN, eiv"(9,)
X Y N () d) (X, + xp) Crp MYy | M7 | )T
Jmmy
1

+ 2 Nldimo(aii) dn‘z,f'm.mz(Xb) Ctz;tMu<Vm I "/{n I A>” ’ (60)
im
t
and

disc, {vm | AT XHT
= 2mip, - 27 j d cos 33N dL (D)

N, el @) &, , 3, Co M™ Cmy | A5 BT

i,mm
1 1
t

t T N B) ) O) € CH MOy | AT DT (61
in’;;"l

X
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These formulas, in which the isospin dependence has been reinstated, show that the
isobar factor discontinuities are determined by the scattering and isobar factors
in the other two isobar channels.

6. DaLiTz Pror AND OTHER KINEMATICS

Our discontinuity formulas each involve an integration over the cosine of the polar
angle in the isobar rest frame: cos &, for fixed W and w, , cos &, for fixed W and w,,
and cos &, for fixed W and x. Some kinematical intuition is to be gained by casting
these in terms of integrations over the Dalitz plot.

In Figs. 8a—c, we have illustrated the configurations of the vectors Qkp in CM
prior to the application of the final rotations r, , r, , and r, ; three different rest frames
are indicated along with the associated Lorentz transformations: CM; — CM
under z,, CM, — CM under z,, and CM,; — CM under z;. The isobar vectors
Q.. Oy, and K, are transformed from rest by z,, z,, and z;, respectively. From
Q = 2,0, we deduce

cos ?y = (Qow1 — Cwel10)/Qafi - (62)
From @ = 2,0, we obtain

cos &y = (Qow — C50Q20)/Q0Qs - (63)
From k = z;k, we get

cos ¥y = —(kox'/? — Kooksp)/ QK . (64)

Fic. 8. Three orientations of the vectors Q &k p in CM in which: (a) Q, is along the Z axis, (b) Os
is along the Z axis, and (¢) K. is along the —Z axis. The rest frames of the isobars Qs , O, and K,
are shown. The non-Euclidean figures for the determination of the spin-rotation angles w, and w,
are also shown.
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In terms of the invariants, the energies and momenta are

Qo= (W + M* — X)2W = (wy? + it — m* — w2)2W

and 0 = (Qy* — M2, (65)

ko= (W24 m?2 — wd2W = (Wt + x — M2 — u?)2W, (66)

Qup = W2+ w? —md2W  and Q. = (Q — W%, (67)

Oy = w2+ W22 - ,11'2)/2W and 0, = (Q%o - sz)l/z, (68)

Koo = (W2 + x — MY)2W, (69)

Q1o = (”’12 + M® — #2)/2‘4’1 and 0, = (Qfo - M 2)1/23 (70)

Og = ("’22 + M — m2)/2W2 and 0, = (ng - Mz)l/z’ (71)

and

kg = (x + m* — p¥)j2x** and kg = (k3o — m*"2. (72)

In Egs. (59), (60), and (61) we want to transform the integration variables such that
the =N, KN, and K= isobar contributions are integrated over w; , w,, and x, respec-
tively. For the cos &, integration at fixed W and w; , we use (62) to get

dcos &y = (Wywo| WQ,0)) dw, = —(w1[2WQ,Q,) dx; (73)

for the cos &, integration at fixed W and w, we use (63) to get
dcos Py = (Wwo/W0,0,) dwy, = —(wy/2W0,0,) dx; (74)

for the cos ¥, integration at fixed W and x we use (64) to get
d cos &y = (W x12[WQky) dwy, = —(wux12/WQk,) dw, . (75)

The integrations are over traversals of the Dalitz plot as shown in Fig. 9.

All the angles appearing in the integrands can be related to the Dalitz plot variables.
In Fig. 8a the angle x, in CM is identified. When we consider that Q = z,Q, and use
Eq. (62) we find that

€08 Xg = (Q6Qa0 — W1010)/Q2.0. (76)

Likewise, Fig. 8b shows the angle y; in CM so that when we use the relation Q = z,0,
together with Eq. (63) we get

cos xp = (QoQoo — W2Q20)/ 2oQ- )

The angles w, and w, remain to be identified; these describe the rotation of the nucleon
spin in passing, respectively, from CM; to CM and from CM, to CM. If we consult
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2
W
(Weps)
v
2
X=(mp)
-(M+m)2 51
x=(W-M)
2 2
(Mtu) (W-m) ;

W
FiG. 9. The Dalitz plot for given W, Integrations at fixed w, , ws , and x are indicated.

[3, Appendix] and compare with the non-Euclidean triangles drawn in Figs. 8a
and b we conclude that

cos w; = (QyQ1g — M?Qyo/w1)[Q01 (78)

(wi/Q,) sin w; = (M[Q) sindy = (M|Qy) sin y,, (79

and cos wy = (@020 — M3Qyy/w:)[QQ: , (80)
(Wy/Qy) sin wy, = (M]Q) sin ¥, = (M/Q2) sin y, . (81)

All of the cosine formulas in this section are rather lengthy functions of the invariants,
owing to the unequal mass kinematics.

7. APPLICATION

A concluding example serves to illustrate our constraints put to use. We choose a
set of circumstances for which each of the angular momentum summations can legi-
timately be truncated to a single dominating term.

We consider KN — KN at energies only a little larger than threshoid. Because
of centrifugal barrier effects it is then reasonable to suppose that only the s-wave
systems in the final state will have appreciable amplitudes. Therefore we can discard
all but one of the isobar amplitudes in each isobar channel. We keep only the #N

505/108/2-16
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and KN isobars having j? = }-, and we keep only the / = 0 K= isobar. The restric-
tion to s-waves in all aspects of the final state means that only J* = }+ is of interest.

If we address ourselves to Eqgs. (53), (54), and (55) for J* = }+ we see from Egs. (B1)
and (B2) that we wish to form combinations for which x; = k, = } (denoted -,
for short) and § = 0; thus we have

ME 7 = () MY ) — (G MEY (82)
for both the #N and KN isobars, and
M*+°°=<+OIM*°|+>—<+0]M*°I—> (83)

for the K= isobar. The formulas in Appendix B are most convenient because they
provide for such combinations directly.

At low energy the effect of nucleon spin rotation is negligible. As the spin rotation
angle w — 0, d**(w) — §,,, so that e} ($) — d¥3(#)/2'/* in Eq. (52). Calculations
(B8) and (B9), with a table of d-functions, then give:

fEE@9) = tcos(® — )2, fiE@9) = — §sin@® —F)2
fE 3(995) = % cos(9/2), 508 = — 1 sin(®/2) (84)
and

fE 509 = & sin(3)2).

We adopt an abbreviated notation for the amplitudes since we need only work with
one of each: we call the # ¥ and KN isobar amplitudes in (82) M(Ww,) and M(Ww,),
and the K= isobar amplitude in (83) M(Wx). The elastic amplitudes for =N, KN,
and K we denote M(w;), M(w,), and M(x). Equations (B5), (B6), and (B7) become

disc,,, M(Wwy) — 2mip.M_(wy) M(Ww,)

— 27”le (W1) J- dCOS 191 g cos (01 -+ Xa) ;’ (192 _

+ cos ——=22 % — 5 T Xe MC(Wx)} (85)

X0 gmin/2pf o Ww,)

disc,, M(Wwy) — 2mip,M_(wa) M(Wwy)

= 2rripyeiAM_(wy) f dcos ¥ g N CA ) ; (9,

+ cos 2—_2*_-X—" Mc(Wx)ﬁ, (86)

T X0) a1y

and
disc, M(Wx) — 2mip,M_(x) M(Wx)
= 2mip,M_(x) f d cos %5 cos B —

+ cos19 3 X ‘"’/2Mc(WW2)= 87

Xa Mc(Ww,)
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These equations form a coupled system of constraints on the set of isobar ampli-
tudes, in principle the basis for further investigation, either dynamical or pheno-

menological.

APPENDIX A. IsospIN PROJECTION OPERATORS

The isospin projection operators used in Section 2 are listed here. For the elastic

amplitudes they are:
@ for m;N — m;N (f; = % and 2):
@y = (8 + iejumiV)/3,
”’?1{2 = (28;; — iesimiN)/3;
¢t for KN — KN (t, = 0 and 1):
60 = (1 — =K. zN)/4,
£ = (3 4 K-
o; for Km; — Km; (t = % and 3):
(1”/2 = (8;; + ie;umiX)/3,
SR = (28;, — ie;57K)/3.
For the isobar amplitudes they are:
a7 forKN —> (mNYK (T = 0,1, = ; T == 1,4, = } and 3):
AE = (14 (YK — aN K x ),
At — - (1/4 3V2)(3TN - oK 4 ik o <)
= —(1/2 (61/2))(2xK — itk x V), ;
#]% for KN — (KN)m; (T == 0,1, == 1; T =1, t, = 0 and 1)
BN = —(1/4 31 (K — <V + itk i TN),,
B = 1(1K — 2N — jzK ¢ 2N),
B (122 + 7V), ;
%7 for KN— (Kae)) N(T==0,t =% T =1,t =% and §):
Frt = —(1/4312))(xK — <N 4 ik 0 V),
CrY = —(1/4(312)(3cK + N — itk X V),
Gt = —(1/2(6'))(2%N - itk X TN),.

(AD)

(A2)

(A3)

(A4)

(AS)

(A6)
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In Section 2 we need formulas for products of (A1) with (A4) to (A6), (A2) with
(A4) to (A6), and (A3) with (A4) to (A6). It can be shown that

0Tl Tl
Z 2y OZi _‘ Ulj Btltl’ »
K2

Y B = anCT

T J tt, ?

i

Y a6l = aincy (A7)

ty Tt Tty ~T
5 ZOZ,- = gj 2C752t1 s
4" ggftz = "dg.inzaiztzl ?
tocp Tt Tt T
626" = B;7°Cpy ; (A8)

t o yTt, Tt T
2 ”jiyli t = 6]' Cttl y

2

t gTts _ coTtT
Zch“@i =%, Cttzy

(3

Y 8T = €] S (A9)

The C’s appearing in (A7) to (A9) are constants which have been recorded in the
text in Table 1.

APPENDIX B. IsoBAR AMPLITUDES OF DEFINITE PARITY

For the production of #V or KN isobars, of spin-parity j?, there are j -+ § inde-
pendent amplitudes of definite angular momentum J and definite parity P. We label
these as

K =j..% (j + % values).

The amplitudes are combinations of {m | M7* { A>:
M7 = G| M7 145+ () (e | M7 4
= (i ] M7 (=) e | M,

(B1)

For the production of K= isobars, of spin / and parity (—)', there are 2/ + 1 inde-
pendent amplitudes of definite J?. We label these as

& =1.., -1 (21 -+ 1 values).



UNITARITY AND THE ISOBAR MODEL 475
The amplitudes are combinations of <vm | M7 | X>:

MIRE — (€| M o () | MO B)
(
= (I MR 4 (=) (hE MO [—

When (BI) and (B2) are employed, and the appropriate combinations are taken.
Egs. (47) become

discy MR 27TipMJPj‘pK‘M{P,
similarly for 1 — 2, and
discy M = 2mipm” M, (B4)

The lengthier subenergy discontinuity formulas are obtained from (53), (54), and (55),
using (B1) and (B2):

. P; . ;D P; v,
disc,, M7 — 2qrip M M

= 2wip1Mf}y ’ d cos 13 Z (f’l Jz (19 190) d:,( (X - )

.7277Kq
- m( ~>’*"2 FIT@,8) d_, (x, + X)) €M
L8 € ) Y LGS 4y 0 Méplfi,
" (BS)
diSCwq M"PjepKz _ 27.”"0 MjZPM]szpKZ
= 2mip,e’ ™M f d cos 9, § Y (FEX@S) & (x, + x)
JlﬂKI
+ e () O8) &, (K F x) ME
+ Z (f] "z+ ’93) Tt (Xb) + np(— )yt sz 17(19‘ 3,) dJTM ‘ 8) MJP“
(B6)

and
disc, M'"% — 2mip,M_'MH
= 2mip M_ fdcos 3, 3 >« "lw” 3,9,) d,fl.%~§(x,,)

JymKy

F (LG & ) MO
+ Z ( i.,"H(& 193) di_“(xb)

)an

— (T IO,0) d ., (%) €M (B7)
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In these formulas we have introduced the notation

U 09) = 20NNy Y eli(®) eln(®) (BY)
u=+1/2
and
FEE D95 = 20N Niel(D) dieo(). (B9)
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